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Abstract 



Grothendieck has proved that each class in the de Rham cohomology of 
a smooth complex affine variety can be represented by a differential form 
2 . with polynomial coefficients. After having proved a single exponential 

bound for the degrees of these forms in the case of a hypersurface, here 
we generalize this result to arbitrary codimension. More precisely, we 
show that the p-th de Rham cohomology of a smooth affine variety of 
dimension m and degree D can be represented by differential forms of 
degree (pD)^'""' . This result is relevant for the algorithmic computation 
/— C ■ of the cohomology, but is also motivated by questions in the theory of 

1^^ ' ordinary differential equations related to the infinitesimal Hilbert 16th 

l/^ , problem. 
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1 Introduction 

Let AT be a smooth variety in C". A fundamental result of Grothendieck says 
that the cohomology of X can be described in terms of algebraic differential 



j^ , forms on X [18]. More precisely, he proved that the singular cohomology of X 

is isomorphic to the algebraic de Rham cohomology H'^^^X), which is defined 
as the cohomology of the complex of algebraic differential forms on X . Hence, 
each cohomology class in H^^{X) can be represented by a p-form 

Lu= Y^ a;,i...jpdA,, A--- AdA.p, (1) 

il<---<ip 

where the 0;^^...^ are polynomial functions on X. However, Grothendieck's 
proof is not effective^ i.e., it gives no information about the degrees of the 
polynomials uji-^...i . In [36] we proved a single exponential bound on their 
degrees in the case that A is a hypersurface. In particular, if A C C" is a 



smooth hypersurface of degree D, then each cohoniology class in H^^{X) can be 
represented by a differential form w as in (1), where the Wij...^ are polynomials 
of degree D'^(p"). The present paper generalizes this result to arbitrary smooth 
varieties. 

1.1 Motivation 

It is a long standing open question in algorithmic real algebraic geometry to 
find a single exponential time algorithm for computing the Betti numbers of 
a semialgebraic set. Single exponential time algorithms are known, e.g., for 
counting the connected components and computing the Euler characteristic of a 
semialgebraic set (for an overview see [2] , for details and exhaustive bibliography 
see [3] ) . The best result in this direction states that for fixed i one can compute 
the first i Betti numbers of a semialgebraic set in single exponential time [1]. 

Over the complex numbers, one approach for computing Betti numbers is to 
compute the algebraic de Rham cohomology. In [30, 37] the dc Rham cohomol- 
ogy of the complement of a complex affine variety is computed using Grobner 
bases for 2?-modules. This algorithm is extended in [38] to compute the coho- 
mology of a projective variety. However, the complexity of these algorithms is 
not analyzed, and due to their use of Grobner bases a good worst-case com- 
plexity is not to be expected. In [7] a single exponential time (in fact, parallel 
polynomial time) algorithm is given for counting the connected components, i.e., 
computing the zeroth de Rham cohomology, of a (possibly singular) complex 
variety. This algorithm is extended in [35] to one with the same asymptotic 
complexity for computing equations for the components. The first single expo- 
nential time algorithm for computing all Betti numbers of an interesting class 
of varieties is given in [34] . Namely, this paper shows how to compute the de 
Rham cohomology of a smooth projective variety in parallel polynomial time. 
In terms of structural complexity in the Turing model, these results are the best 
one can hope for, since the problem of computing a fixed Betti number (e.g., 
deciding connectedness) of a complex affine or projective variety defined over 
the integers is PSPACE-hard [33]. 

Besides being relevant for algorithms, our question also has connections to 
the theory of ordinary differential equations. The long standing infinitesimal 
Hilbert 16th problem has been solved in [5]. The authors derive a bound on 
the number of limit cycles generated from nonsingular energy level ovals (iso- 
lated periodic trajectories) in a non-conservative perturbation of a Hamiltonian 
polynomial vector field in the plane. It seems that their proof can be consid- 
erably generalized to solutions of certain linear systems of Pfaffian differential 
equations. Examples of such systems are provided by period matrices of poly- 
nomial maps, once the corresponding Gauss-Manin connexion can be explicitly 
constructed. For this construction one needs degree bounds for generators of 
the cohomology of the generic fibers of the polynomial map. 



1.2 Known Cases 

We have shown in [7, Theorem 3.3] that the zeroth de Rham cohomology of X is 
isomorphic to its zeroth singular cohomology even when X is singular, and that 
this cohomology has a basis of degree d^(" \ if X is defined by polynomials of 
degree < d. 

It follows from the results of [34] that if X has no singularities at infinity, 
i.e., the projective closure of X in P" is smooth, then each class in H*^{X) 
can be represented by a differential form of degree at most m{em +1)1?, where 
m = divaX, D = degX, and e is the maximal codimension of the irreducible 
components of X. However, in general X does have singularities at infinity, and 
resolution of singularities has a very bad worst-case complexity [4] . 

Another special case with known degree bounds is the complement of a 
projective hypersurface, which we will actually use in this paper (see the proof of 
Theorem 7.1). The statement follows essentially from [9] and [10], the argument 
can be found in [12, Corollary 6.1.32], see also [11]. Let / e C[Xo, . . . , X„] be a 
homogeneous polynomial, and consider U := P"\Z(/), which is an affine variety. 
Then, each class in H^-^(U) is represented by a (homogeneous) differential form 

— with dega^p deg / 

(see §2.1 for the definition of the degree of a differential form). Since this result 
was already proved by Griffiths in a special case [16], we call it the Griffiths- 
Deligne-Dimca (GDD) bound. 

1.3 Main Result 

The main result of this paper is that the algebraic de Rham cohomology of a 
smooth affine variety can be represented by differential forms of single exponen- 
tial degree. More precisely, we prove the following. 

Theorem 1.1. Let k be an algebraically closed field of characteristic zero, and 
let X be a smooth affine m- dimensional variety of degree D over k. Then each 
cohomology class in H^^{X) can be represented by a differential p-form of degree 
at most 

Remark 1.2. (i) Note that we kept the additive term D™+^, so that the bound 
is valid for p — a.s well (cf. Proposition 3.1). 

(n) If X C A", then the term D^+i can be replaced by '^D'^ (Corollary 4.1). 
(iii) For a hypersurface, the slightly better bound of D'^^p") is proved in [36]. 



1.4 Proof Ideas 

The proof of Theorem 1.1 consists of two major steps. In a first step we reduce 
the question to the case of an irreducible locally closed hypersurface, and in a 
second step we prove a bound for this special case (Theorem 7.1). 

The reduction to irreducible X (Corollary 4.1) is an easy consequence of our 
characterization of the zeroth de Rham cohomology and the bound from [7] . In 
the present paper, using newer versions of the effective NuUstellensatz due to 
KoUar [26] and Jelonek [24] , we improve this bound in two directions (Proposi- 
tions 3.1 and 3.2). We also give an example showing that the second version is 
sharp up to a factor of n + 1, where n is the ambient dimension. 

Then, if X is irreducible of dimension to, a generic projection to a linear 
subspace of dimension m + 1 restricts to a birational map from X to a hyper- 
surface Y . By Zariski's Main Theorem, there exist open dense subsets U 'Z X 
and V C Y, such that the projection maps U isomorphically onto V. Using 
a geometric resolution of X [14, 31], we construct these locally closed sets ef- 
fectively. More precisely, there exists a polynomial / of degree < _D in to, + 1 
variables, such that U — X \ Z{g) and V ~ Z{f) \ Z{g), where g is a partial 
derivative of / (Lemma 4.2). It follows that a degree bound for H*^{V) implies 
a degree bound for H*^^{U) (Corollary 4.4). Moreover, it is also not difficult to 
see that one can cover X by such principal open subsets Ui (CoroUary 4.5). To 
finish the first major step, it remains to show how degree bounds for the open 
patches yield a bound for H'^{X) (Theorem 5.3). This is done using the con- 
cept of hypercohomology, which through a spectral sequence immediately yields 
an effective description of 7J*j^(X) (Lemma 5.2) in terms of the total complex 
of the Cech-de Rham double complex. In order to derive a bound for the usual 
description in terms of global sections, we make the Cech cohomology effective 
(Lemma 5.1). In this construction we make essential use of Jelonek's effective 
NuUstellensatz [24]. 

The main idea for the treatment of the locally closed hypersurface V is the 
same as in [36], namely to prove an effective version of the Gysin sequence 
(Theorem 6.1) and use the GDD bound for complements of hypersurfaces men- 
tioned in §1.2. However, in [36] we considered the case of a closed hyper- 
surface X C A", in which case the Gysin sequence yields an isomorphism 
iJjj^(A" \ X) —> -ffdR i'^)^ which we made effective. Here, we have only a 
locally closed subset V = Z{f) \ Z{g) of A". One idea is to treat V^ as a closed 
subset of A" \Z{g). Though we are able to construct an effective residue map 
in this setting, this map may not be surjective, since the surrounding space 
A" \ Z{g) has non-trivial cohomology in general. Our solution is to consider V 
as a codimension 2 complete intersection Z C A"+^ through the isomorphism 
A" \ Z{g) ~ Z{gY — 1) C A"+^. Since the Gysin sequence in the version of [19] 
does not hinge on codimension 1, we get an isomorphism -ff^jj {W) ^ -f^dR (■^)' 
where W := A"+^ \ Z (Corollary 6.2). Luckily, while the general complete inter- 
section case seems considerably more difficult, we are able to prove the crucial 
Lemma (Lemma 6.4) exactly in this special case and obtain an effective Gysin 
sequence (Theorem 6.3). 



However, the price to pay is that now the complement W is not affine any- 
more, so we need hypercohomology also to realize the de Rham cohomology 
of W, and a spectral sequence argument (Lemma 5.2) to apply the GDD bound 
(Lemma 5.4). Using local cohomology and another spectral sequence argument, 
we get a more succinct description of H*j^{W) in terms of sheaf cohomology 
(Lemma 5.5). 
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2 Preliminaries 

2.1 Basic Notations and Facts 

Throughout this paper, let k be an algebraically closed field of characteristic 
zero, and R :— k[Xi, . . . , X„]. An algebraic set or closed variety is the common 
zero set of polynomials fi, . . . , fr £ i? in the affine space A" = A:", i.e., 

X = Z{h, . . . , /,) = {a; e fc" I /i(a;) - . • • = U{x) = 0}. 

Note that X may be reducible. More generally, the term variety will refer to a 
locally closed set, i.e., a Zariski open subset X C y of a closed variety Y C A". 
A variety X is called affine iff it is a principal open subset of Y, i.e., 

X = Y\ Z{g) = Z{h, ...,/.) \ Z(.g), A, ...,/„ g G R. 

Indeed, these are exactly the varieties which are isomorphic to a closed variety, 
namely Z{fi, . . . , fr,Xn+ig — 1) C A"+^. The (vanishing) ideal of an affine 
variety X is defined as I{X) = {/ e R\.f{x) = Vx £ X}. By Hilbert's 
Nullstellensatz, I{X) is the radical of the ideal (/i, . . . , fr) : (g). The coordinate 
ring A = k[X] of X is the localization {R/I(X))g. Such a ring A will be called 
a (reduced) affine fc-algebra. 

In general, a variety is not affine. However, ii X = Y \ Z{gi, . . . ,gr) with 
affine X , then X is covered by the affine open subsets Ui :— X\Z{gi) = Y\Z{gi), 
l<i <r. 

The dimension dimX is the Krull dimension of X C A" in the Zariski 
topology. In the case diniX = n — 1 we call X a hypersurface. The degree 
deg X of an irreducible variety X C A" of dimension m is defined as the maximal 
cardinality oi X O L over all affine linear subspaces L C A" of dimension n — 
m [29, §5 A]. We define the (cumulative) degree degX of a reducible variety X 
to be the sum of the degrees of all irreducible components oi X. It follows 
essentially from Bezout's Theorem that if X C A" is closed and defined by 
polynomials of degree < d, then deg X < d" [8] . 




An important ingredient of our work is the effective NuUstellensatz, which 
was first proved in [6, 25]. A recent version of Jelonek [24] generalizes the 
statement to polynomials on general afRne varieties. 

Theorem 2.1. Let X C A" be a closed subvariety of dimension m and degree D, 
and let gi, . . . ,gt G k[X] be polynomials of degree at most d>l without common 
zeros in X . Then there exist polynomials hi G k[X] with 1 = ^^ higi and 

if t < m, 
deg{h,g,) < { Dd"" if t > m, d > 3, m > n ~ 1, 

1 else. 

Proof. The first and the last case is due to [24]. The slightly better bound in 
the middle case follows from [25]. D 

There is another version of the effective NuUstellensatz for arbitrary ideals 
due to Kollar [26]. We note a variant which follows easily from Theorem 6.2 in 
that paper. 

Theorem 2.2. Let Xi, . . . ,Xt C A" be closed varieties with XiD- ■ -DXt — $. 
Then there exist fi G L{Xi) such that 

^/, = 1 and degf,<{n+l)Y[dcgX,. 



2.2 Completions 

Wc will also use complete rings, which we get from affine rings by the process 
of completion [13, Chapter 7]. Let A be an affine algebra and / an ideal in A. 
The completion A = Ai oi A with respect to / is defined as the inverse limit of 
the factor rings A/I'' , i/ > 0. There is a canonical map A ^S' A, whose kernel 
is f]^ I" , thus it is injective in our case. Alternatively, if / = (/i, . . . , Z^), one 
can define A as A[[Ti, . . . , Tr]]/{Ti — /i, . . . , T^ — J^), so its elements are power 
series in /i, . . . , /^ [13, Exercise 7.11]. For instance, ii A = B[T] and / — (T), 
then A = B[[T]] is the ring of formal power series in T with coefficients in B. 

2.3 Coherent Sheaves and Differential Forms 

Let X be an affine variety. Then every /c[X]-module M gives rise to a sheaf M 
on X such that, on a principal open subset U = X \ Z{g), the sections of M 
are given by r([/, M) = Mg, the localization of M at g [22, Proposition II. 5.1]. 
Moreover, r(C/, M) is a A:[A"]g-module which is compatible with restrictions. A 
sheaf J^ on X is called coherent iff J^ = M with a finitely generated k[X]- 

module M. An important example is the structure sheaf Ox ~ k[X]. 

More generally, a sheaf J^ on a locally closed set X is called coherent iff X 
can be covered by affine open subsets Ui such that all the restrictions TlUi are 



coherent. In particular, if J^ is a coherent sheaf on Y and X C F is an open 
subset, then T\X is a coherent sheaf on X. 

Now let A be a /c-algebra (commutative, with 1). The module of Kdhler 
differentials CI a := ^A/k is defined as the A- module generated by symbols d/ 
for all / G A, modulo the relations of Leibniz' rule and fc- linearity for the 
universal derivation d: A — > Ua- For instance, for the polynomial ring R, the 
module rin is free with basis dXi, . . . , dX„, and the universal derivation is given 
by d/ = ^j -Mr-dXi. Now let 17^ :— /\^ CIa be the p-th exterior power of the 

^-module flA- We define the exterior differential d: il^ -^ fi^ by setting 
d(/dgi A • • • A dgp) := df A gi A ■ ■ ■ A dgp for aU /, gi G A. It is easy to check 
that d satisfies the graded Leibniz' rule and d o d = 0. This way we obtain the 
de Rhara complex 

\l A '• ^ -^ A ^ A ^ ' * ' ^ A ^ • * • . 

of the algebra A. 

Now let Y be an affine variety with coordinate ring A ~ k\Y]. Then the 
sheaf of regular differential p- forms on Y is defined as ily :— 51^. The exterior 
differentials glue together to maps of sheaves d : Vty ~^ ^y ■ More generally, if 
X C y is an open subset of an affine variety y, then il^ := J7y|X. This way 
we obtain the (algebraic) de Rham complex 

n'^: Ox ^^\ ^^\c ^ ■■■ ^^"x ^ ■■■ 
of the variety X. We say that X is smooth at x e X iff the stalk Vtx^x is a free 
Cx.aj-module of rank m, where m is the maximal dimension of all irreducible 
components of X through x. In fact, in this case there is only one such compo- 
nent. We say that X is smooth iff it is smooth at all its points. Note that in 
this case il^ = for p > tti. 

The module of Kahler differentials of a complete ring may not be finitely 
generated (see, e.g., [13, Exercise 16.14]). In these cases we use the universally 
finite module of differentials, which is always finitely generated (see [27, §11- 
12]). Let A be an affine algebra, / an ideal in A, and A the completion of A with 
respect to /. The completion of VLa with respect to / is il^ = A ®a ^a and is 
called the universally finite module of differentials of A. There is a universally 
finite derivation d: A — > Q.^ which is continuous, i.e., it commutes with infinite 
sums. For instance, for an affine algebra B we have 

^B[[T\] = B[[T]] ®B[[T\] ^B[T\ = B[[T]]dT®nB, 

and the universally finite derivation is given by d/ = g^dT+ds/ for / e _B[[r]], 
where ^ denotes the formal partial derivative with respect to T, and d^/ is 
coefficient-wise application of the differential of B [27, Example 12.7]. 

2.4 Sheaf and Local Cohomology 

Let X be a variety. Formally, the q-th sheaf cohomology functor H''{X, •) from 
the category of sheaves of abelian groups on X to the category of abelian groups 



is defined as the q-th riglit derived functor of the global section functor T{X, •), 

i7«(X, •) - i?T(X, •). 

Since this definition is computationally quite inconvenient, we prefer a dif- 
ferent description. Let J^ be a coherent sheaf and U := {Ui \0 < i < t} an afHne 
open cover of X. The sheaf cohomology of J^ can be computed as the Cech 
cohomology with respect to U, which is defined as follows. For a set of indices 
< io, ■ ■ ■ ,iq < t denote Uig...i :~ Ui„ O ■ ■ ■ DUi . We define the vector spaces 

C'^:=C'^{U,r}:= -F(t/,„...,J 

0<io<---<J,<t 

and the linear maps S'' : C — > C^^, 

9+1 

Then one checks that 5'^+^ o ,5« = for all g > 0, so that {C'{U,T),S') is 
a complex called the Cech complex. Its cohomology defines the cohomology 
H*{U,T),i.e., 

ker(5« 

inK^?" 
By [22, Theorem III. 4. 5] there is a natural isomorphism 



^'(^'-^):=— TTT' '^^O- 



H'^ {X, F) ^Hi{U, F) for all q > 0. 

Generally, H^{X,T) is isomorphic to the space of global sections T{X,T). 
Moreover, if X is affine, the higher cohomology of F vanishes, i.e., 

H'i{X,F)=Q for q > 0. 

A relative variant of sheaf cohomology is local cohomology. Let X be a 
variety and Y Q X a, closed subset of X. For a sheaf of abelian groups F on X 
let Ty{X^F) be the subgroup of T{X,F) consisting of all sections s whose 
support is in Y , i.e., 

{s. ^ 0} c y, 

where Sx denotes the germ of s in the stalk J-x- The q-th local cohomology 
Junctor with supports in Y from the category of sheaves of abelian groups on X 
to the category of abelian groups is defined as the q-th right derived functor of 
the functor Ty{X, •), 

Hl.{X,-) = R'iTy{X,-). 

Note that, if X is irreducible and Y ^ X, then Ty{X,F) = for all coherent 
sheaves J^ on X. Nevertheless, the definition gives non-trivial local cohomology 
groups also in this case! There is an explicit description of local cohomology 



in terms of Koszul cohoniology, which can also be interpreted as Cech coho- 
mology [19, Theorem 2.3]. We will use this interpretation in a special case in 
the proof of Lemma 5.5, see (11). What makes local cohomology particularly 
useful, is the following long exact sequence [19, Corollary 1.9]. Let Y (_ X he 
closed and U := X \Y. Then there is an exact sequence 

> H'i-\X,r) ^ m-^{U,T\U) ^ H'^{X,T) ^ H'i{X,T) -^ ■ ■ ■ . 

2.5 Hypercohomology and de Rham Cohomology 

Let X be a variety and consider a complex of coherent sheaves ( J-"* , d) on X 
with J-P = for p < 0. Then, for an affine open cover U, the Cech complexes 
C*{U,J-'P) as defined in §2.4 fit together to the Cech double complex C** := 
C'^'{U,T*) by setting 

CP'«(iY,^*)= J-^(t/.„....J foraU p,q>0. 

ia<---<iq 

The two differentials are the one induced by the differential d of J^ and the Cech 
differential 6* defined by (2). Define the total complex of C*'* by 

tot^(C"'') := C'", d*°* := S" + (-l)''d on 0^^". 

Since the two differentials commute, one easily checks that d*°* o d*°* — 0. The 
hypercohomology of the complex of sheaves T' is defined as the cohomology of 
the total complex 

H^(X,J-) :==i7^(tof(C*^*)) for i>0. 

As for any double complex [28, §2.4], there are two spectral sequences 

lEl'^ =W\m{X,T'),d) => HP+«(X,J'') and 
iiEP''^ ^H''{HP{C''',d),d') => HP+«(X,J''). 

If X is affine, then H'^{X, T*) = for all g > 0. Consequently, the first spectral 
sequence implies that H*(X, J"') :i! iJ*(r(X, J"')). 

The algebraic de Rham cohomology of a variety X is defined as the hyperco- 
homology of the algebraic de Rham complex 

H'^,,{x):=m'{x,n''^). 

The corresponding double complex is called Cech-de Rham double complex. In 
particular, if X is affine, then we have 

HdRi^)=H'in\), where A = k[X]. 



This in turn implies that the first term of the second spectral sequence of the 
Ccch-dc Rham double complex is 

io<---<iq 

even when X is not affine. 

Fundamental for us is the result of [18] stating that if fc = C, then the de 
Rham cohomology iJ*pj(X) of a smooth variety X is naturally isomorphic to 
the singular cohomology of X . 

2.6 Filtrations 

Now let A — R/I be an affine algebra corresponding to a closed variety X C A". 
We are interested in degree bounds for the dc Rham cohomology of X, so we 
introduce the following notation. For / G i? we denote by / its residue class 
in A. We set 

deg/ :— uim{dcgh \h e R, h = /}, 

where degh denotes the total degree of h. We have the filtration by degree 

k ^ D^A C . • • C D'^A C D'^+^A C---CA 

on A given by 

D'^A:={f eA\ dcgf <d}, 

which satisfies 

D-^A ■ D^A C D-^+^A for aU d,eeZ. 

For every non-zerodivisor g E A we define the degree in the localization Ag by 
deg4:=deg/-sdegg, f e A. (3) 

One easily checks that this degree is well-defined. Note that it can be arbitrarily 
small, so it induces an unbounded filtration by degree D*Ag. On Ag we also 
define the notion of order with respect to g by 

f 
ordgft, := min{s I 3/ e A: /i = ^} for heAg. 

Sometimes we drop the index g, if it is clear from the context. We define the 
filtration by order 

A = P°Ag C . • • C P'Ag C P' + '^Ag C • • • C Ag 

by setting 

P'Ag := —A ^{heAgl ordgh < s} . 
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We also consider modules M over A equipped with a filtration 

■ ■ • C F'^M C F^'+^M C • . • C M, 

which we assume to be compatible with D'A, i.e., D'^A ■ F'^M C F'^^'^M for ah 
d, e S Z. Given such a filtraton, one can define a degree by setting 

deg X := mm{d \ x e F'^M} G Z for xeM. 

As in (3), it induces a filtration F'Mg in the localization Mg of M with respect 
to a non-zerodivisor g G A, which is compatible with D*Ag. Moreover, there is 
a natural filtration P'Mg by the order with respect to g, which is compatible 
with the corresponding filtration P'Ag. 

For a complex of A- modules C*, all equipped with a filtration F*C', we 
define the induced filtration on the cohomology H'p{C') by setting 

FdHP{C*) :=im(i^''CPnkerd^iJP(C")), (4) 

where d: C^ — > C^+^ denotes the differential of the complex. 

In order to conveniently state our results, we introduce some notation. Let M 
be a fc-vector space. If M is equipped with one increasing filtration F* M , then 
we can define 

deg(M) := inf{d e Z | F'^M = M). 

Note that deg(A'/) = oo if no such d exists. 

However, we also deal with simultaneous bounds on degrees and orders, so 
we need a more general concept. Assume that M is equipped with a double 
filtration F'''M, i.e., vector subspaces F'^^'^M C M ioi s,d E Z such that 
F'^'^M C F-'+^^'^M n F'^'^+^M for aU s, d £ Z. Then we define the set 

B{F'-*M) ~ {(s, d) eZ^\ F'-'^M = M}. (5) 

If the double filtration is understood from the context, we also simply write 
B{M). Note that with {s,d) e B{F'^'M) we have (s, d) + N^ C B{F'^'M). 
If F*M and P'M are two increasing filtrations on M, then clearly F^^'^M := 
P^M n F'^M for s, d e Z defines a double filtration, which we call the standard 
double filtration induced by F*M and P'M. Similarly as in (4), a double 
filtration on a complex induces a double filtration on its cohomology. A double 
filtration on a double complex induces in a natural way a double filtation on its 
total complex. 

Particularly important for us arc the modules of Kahler differential forms. 
Now let A = {R/I)g be an affine algebra, and consider the A- module J7^. We 
define the two filtrations 

\^il<---<ip j 

P'nP,:^l J2 f^,■■■^,dX,,A■■■AdX,Jf,,...,^eP■'A\, 

I ii<---<ip I 
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and note that they are compatible with the respective filtrations on A. Notice 
that we have induced degree and order functions satisfying 

deg fdX,, A • • ■ A dX,^ = deg / + p, 
ordg/dX,, A • • • A dX,^ = ordg/, / e A. 

The differential d: fl^ -^ il^ satisfies 

d(D'^fiP ) C D'^nP+\ diP'QP^) C p'+^np+\ 

Using these notations and conventions, we formulate an easy consequence of 
the GDD bound. 

Lemma 2.3. Let f E R and U := A"\Z(/). Then, with respect to the standard 
double filtration induced by D'il^ and P'QFj^ , we have 

Proof. Denote by / the generous homogenization XQ^^f{X/Xa), where d := 
deg/. Then we have [/ = P" \ Z{f). As stated in §1.2, each cohomology class 
in H^Yi(^) ^^ represented by a differential form a/ fP, where 5 is a homogeneous 
p-form on A"+^ of degree deg a = p{d + 1). Dehomogenizing yields a form 
io — a/fP with deg a < p{d + 1), hence dcgcj < p and oidfuj < p. D 

3 Zeroth Cohomology 

In this section we discuss old and new results about the zeroth de Rham co- 
homology of a closed variety X C A". This is a somewhat special case, since 
H2^{X) characterizes the connected components of X even if X is singular. 

We fix the notation for this section. Let X = ZiU- ■ -UZthe the decomposi- 
tion oi X into connected components, set D := degD and Di := deg Zi. By the 
results of [7, §3.1.2], there is a direct product decomposition of the coordinate 

ring 

t 

k[X]^Y[k[Z,], 

i=\ 

which corresponds to a maximal complete set of pairwise orthogonal idenipo- 
tents ei, . . . , et G fc[X]. Here, e^ is a function which is 1 on Zi and zero on X\Zi, 
and any such function can be used in the set of idempotents. Furthermore, we 
have proved in [7] that ei, . . . , e^ is a basis of -ff°j^(X) and that deg e^ < d'^'^" •*, 
if X is given by polynomials of degree < d. Due to Jelonek's version of the 
effective NuUstellensatz, we are able to improve this bound. 

Proposition 3.1. Let X C A" be a closed variety of dimension m and degree D. 
Then X has dimiJ"p(X) connected components, and 

deg(iJ5R,(X)) < D"^+\ 
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Proof. The result is known for tti == 0, so assume m > 1. We construct the 
idempotents e, as fohows. According to [7, Proposition 2.1], each Zi can be 
defined by (many) polynomials fii, of degree at most Di. For i ^ j we have 
Zi n Zj — %, hence the fji, have no common zero in Zi. By Theorem 2.1 there 
exist polynomials g^ with deg((7^/jv) < 2DiD"^ such that 

Vio •= ^gi^fju = 1 on Z,. 
It is easy to see that the desired idempotents can be defined as 

Their degrees satisfy 

dege, < 2D,Y,Df < 2D,{Y^Dj)"' = 2D,iD - D.^. 

A small curve discussion shows that the last expression, as a function of Di, is 
maximal for A = ^, which implies dege, < -^(-^)'^ D"'+^ < 0""+^ for 

m > 1. n 

This result gives a very good bound for small dimensions, say for curves. 
However, KoUar's effective Nullstellensatz for arbitrary ideals implies a bound 
which is quadratic in the degree and therefore gives better results for larger 
dimensions. 

Proposition 3.2. Let X C A" be a closed variety of degree D. Then 

n -4- 1 
deg(i/OR,(X)) < -^D\ (6) 

Proof. By Theorem 2.2 there exist polynomials (pij G I{Zi) and tpij G I{Zj) for 
i ^ j such that 

deg{ipij), deg(?Aij) <{n + l)DiDj and ipij + ipij = 1. 

Now the desired idempotents can be defined as 

j<i j>i 

Their degrees satisfy 



^x2 



dege^<{n + l)D,J2D, = {n + l)D,{D~D,)<{n+l)[-) . D 

J^^ V ^ / 

Remark 3.3. In [35] we have proved that for a hypersurface X the factor n + 1 
in (6) can be dropped. 



13 



Example 3.4. This example shows that the bound (6) is sharp up to the factor 
n + 1. It is derived from Example 2.3 of [25], which goes back to Masser, 
Philippon, and Brownawell [6]. 

Let d > 1. Consider the polynomials 

A •= ^1, ./2 := ^2^^ - 1, /a := XiX^ - X2 , 

and set Zi := Z(/i,/2) and Z2 := Zif^) in A''. Clearly, both Zi and Z2 are 
smooth irreducible varieties of degree d that do not intersect. Consequently, 
they are the connected components of X := Zi U Z2, and D := degX = 2d. 
Now consider the projective closure X ~ Z\\JZ2- Let Fi G fc[Xo, . . . , X3] denote 
the honiogenization of /i, i.e. 

One easily checks that l(Zi) = (^1,^2) and /(Z2) = {F3). Now let 61,62 € 
fc[Xi, J!r2,X3] denote the idempotents of Zi and Z2, (5 :— max{deg6i, deg62}, 
and Ei,E2 their homogenizations w.r.t. degree S, i.e., Ei — XQei{X/Xo)- Then 
we have 

Ei+E2=Xf) onlC, Ei=0on^2, E2=0onZi, 

hence Xq e I{Zi) + I{Z2). It follows that its image in 

k[Xo, . . . , X3]/{F,,F2, F3, X3 - 1) ~ k[Xo]/{xf) 

is also zero, so that 

max{deg6i,deg62} ~ S > d^ = D^/A. 

4 Some Reductions 

Our aim is to show that it is sufficient to prove the claimed bounds for certain 
irreducible hypersurfaces. In this section we first reduce to the irreducible case, 
and then effectively construct a cover of X by affine open patches which are 
isomorphic to hypersurfaces. In the next section, we will show how degree 
bounds on those patches yield a bound for iJ*fj(X). 

The reduction to the irreducible case follows from the effective characteriza- 
tion of the connected components discussed in §3. 

Corollary 4.1. If X C A" is a smooth closed variety of degree D with irre- 
ducible components Zi and N := min j^iiD^^ D™+^}, then 

deg(ffd*R(^)) < max{deg(iJd*R(^0)} + N. 

Proof. Since the irreducible components of X coincide with its connected com- 
ponents, the restrictions of differential forms to the Zi induce an isomorphism 

^dR(^)^0^dR(^.))- (7) 
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Let ei G k[X] denote the idempotent corresponding to Zi. Since Ci is 1 on Zi 
and on X \ Zi, the embedding H^^{Zi) ^^ H*^{X) is induced by the map 
uj n> CiUj, so that Propositions 3.1 and 3.2 imply the claim. D 

It is well known that each irreducible variety X is birational to a hyper- 
surface Y. By Zariski's Main Theorem, there exist open dense subsets U 'Z X 
and V^ C y which are isomorphic. Now we make this construction effective and 
obtain the result that degree and order bounds for -ff'j^(^) imply such bounds 
iovH'^jU). 

The following lemma essentially consists of the construction of a geometric 
resolution [14, 31]. 

Lemma 4.2. Let X C A" be a closed irreducible subvariety of dimension m < n 
and 'E C_ X be a finite subset. Then there exists a linear coordinate transforma- 
tion after which X is in Noether normal position with algebraically independent 
variables Xi, . . . , X.^ and a polynomial f G k[Xi, . . . , X„i+i] such that 

(i) f is irreducible and monic in Xm+i, 

(a) deg/ < dcgX, 

(Hi) Y := Z{f) C A'"^"'^ is the closure of the image of X under the projection 

tt: A" ^ A™+^ (xi,...,x„) i-> (xi,...,Xm+i), 

(iv) with g := -^y^ — the projection tt restricts to an isomorphism 
U ■.= X\Z{g) ^V ■.= Y\Z{g), and 

H 9(0 + for all i e E. 

Proof. Let A — R/I{X) be the coordinate ring oi X . A linear coordinate 
transformation brings X into Noether normal position, i.e., we assume that 
the ring extension fc[Xi, . . . ,X„i] ^^ A is integral. Let r := n — m. For 
A = (Ai, . . . , Xr) G k"^ let u\ := AiX„j+i + • • • + XrXn- Then there exists a 
monic polynomial f\ G k[Xi, . . . , Xm][T] with f\{u\) = in ^. Since A is 
a domain, we can assume f\ to be irreducible. Let tt\: X ^i- A™+^ be the 
map (xi, . . . , Xn) I— > {xi, . . . , Xm, u\). Obviously, fx vanishes on the irreducible 
hypersurface tt\{X) of A^^^, so it is a reduced equation for it. It follows 
deg /a = deg'K\{X) < degX [23, Lemma 2]. Now we consider Ai,...,Ar as 
variables and argue as above over the field k\ :— A:(Ai, . . . , A^). It is shown 
in [15, 32] that fx G k[X, Xi, . . . ,X„,,T]. Now set gx := |^. Differentiating 
the equation fx{ux) = with respect to A^, the chain rule yields 

dfx. X , dfx I .dux dfx. . , . i / • / 

^(wa) + -^(wa)-^ = -Qj^yux) + gx{ux)Xyn+i =0, l<i<r. 



We choose X e k^ such that gx(£.i, ■ ■ ■ , ^m, uxiO) 7^ for aU ^ = (^i, . . . , ^„) G 



^ and denote / :— fx, g '■— gx, Wi := -J^. By another linear coordinate 
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transformation wc can assume u\ = Xm+i- It follows that the map 

Z{f)\Z{g)-^X\Z{g), x = (xi, . . . , x^+i) ^ fx, -^, . . . , -^ 

V 9[x) g{x) 

is an inverse of the projection, which concludes the proof. D 

Remark 4.3. If X C A" is smooth, then V from Lemma 4.2 is also smooth. 

Corollary 4.4. In the situation of Lemma J^.2, consider the open subsets U' := 
U \ Z{h) C X, where h € k[X], and V := 7r(C/') C Y. Then there exists 
H G k\Y] with degH < deg/idegX such that k[V'] — k[Y]gH. Moreover, the 

isomorphism k[Y]gH = ^[^'1 ^ ^[^'] — k[X]gh maps any element of degree d 
and order s to an element of degree < d and order < s{degh + 1). 

Proof. By the proof of Lemma 4.2, there exist Wi G k[Xi, . . . , X„i+i] of degree 
< deg / such that 

Xrn+i ~ ^Wi/g in fc[^]g for 1 < i < r = n — m. 

Thus, the isomorphism fc[^]g —-^ k\^]g maps h to the rational function 

h := h{X^, . . . ,X„, -^, . . . , -^) = i/(Xi, . . . ,X„+i)//^s^, 
9 9 

where H G k[Xi, . . . , Xm+i] with 

degiJ = deg ft, + deg /i deg g < degft(l + Aegg) < deg ft deg X. 

It follows k[V'] = k[Y]gH, and this isomorphism identifies H with g'^°^^h, which 
implies the claim. D 

Corollary 4.5. Let X C A" be a closed irreducible variety of dimension m. 
Then there exist principal open subsets C/q, . • . , Um covering X , such that each Ui 
is isomorphic to an open subset of a hypersurface described as in Lemma 4-2. 

Proof. We apply Lemma 4.2 successively to construct the Ui. We start with 
an arbitrary one-point set Sg = {^} C X to obtain Uq. Having constructed 
Uq, . . . , Ui-i, let Sj contain a point from each irreducible component of X \ 
Uo<7<i ^i' ^° that one obtains Ui with 



dim [X \ U U,) > dim [X \ U U, 

0<j<i 0<j<i 

It follows that dimX \ Uo<?<m ^j ~ ~1' hence lJ"=o Ui — X. D 
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5 Effective Cech and Hypercohomology 

In this section we show how the cohoniologies of the open patches of Corol- 
lary 4.5 fit together to give effective descriptions of the cohomology of X . This 
is done via effective hypercohomology, for which we first need to make Cech 
cohomology effective. 

So let X C A" be a closed variety, and let J^ be a coherent sheaf on X . 
Since X is affine, we have 

H^{X,T)=T{X,T), m{X,T)=Q for q>Q. (8) 

Now let A :— k[X] be the coordinate ring of X, and let M be a finitely generated 
A-module such that F — M . Furthermore, let lA — {Ui | < i < t} be a cover 
of X by principal open subsets Ui ~ X \ Z{gi), where gi £ A. By §2.4, the 
sheaf cohomology of T can be computed as the Cech cohomology with respect 
to U. Using §2.3, the Cech complex C — C'{U,T) can be explicitly descibed 
as follows. For a set of indices < io,- ■ ■ ,iq < t set gi(,---i '■= Qio ' ' ' 9i ■ Then 

^'= M,^o--^^, 0<q<t. 

0<io<---<iq<t 

The properties (8) mean that the augmented complex 

^ C-i := M ^ C" A Ci A • • . "^ C* ^ 

is exact, where d^^ is induced by the restriction. Note that S^^ yields the 
isomorphism M ~ if" {X, F) . 

The point of this section is to study degree and order bounds for a preimage 
under 5* . So we consider a filtration 

• • • C F'^M C F'^+^M C---CM 

on M which is compatible with D'A. Recall from §2.1 that for a non-zcrodivisor 
g E A it induces a filtration F*Mg, and there is a natural filtration P*Mg by 
the order with respect to g. These filtrations extend to the spaces C by setting 

F'^C'^:^ F'^M,,^...,,^ and P^C'> -.^ P^M,,^...,,^ . 

0<io<---<i5<t 0<io<---<i,<t 

By definition we have 5'i{F'^C'i) C F'^C'i+^ and S'^iP^'C) C P^C+i. 

Lemma 5.1. Let degX = D and dcggi < di. For all < q < t and each uj S 
P"C9nF''C9nker(5« there exists rj G p^C'-^nF'^+^C''-^ with N ~ 2D{sdi)"' 
such that UJ = S''^^{ri). 

Proof. For w = (c^,„... ,,),„<...<,, e F'^C n P^C^ we write w,„...,, = ^J^^, 

where aij,...i G M with degQ;iQ...i < (i+sdegyij,...^ . The assumption (5'' (w) = 
implies 

^(-l)X«.o-C-.,+i=0 fo'^aU O<^o<•••<^,+l<t. (9) 
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Since W is a cover of X, the gg, . . . ,5^ have no common zero. Thus, by Theo- 
rem 2.1 there are ho, . . . ,ht <E A with ^^ higf = 1 and deg{higl) < N. Now we 
let 77 = (7?^„...,,_ J eC"-! with 

1 * 

Vio---ig-i -^ — X! ^i'^i,ia---iq-i for all < Zq < ' ' ' < iq-1 < t. 

y-kf-iq-i i=o 

Here we define aiAa---iq-i to be zero, if i £ {io • • •■i<j_i}, and sajfyj^ otherwise, 
where {io, • ■ • , iq-ii *} = {jo < • • • < jq\ and e is the sign of the permutation 
sorting (io, . . . , ig_i, i). Obviously, we have ord?]^^...^ _j < s. To bound its 
degree, note that for all i 

deg{hiaiSfyi,-i) < N - sdeggi + d + s deg gi,io---i,-i = A^ + d + s deg 5io...i,_i , 



which implies deg 77 < 


N + d. 








Finally, 


we have 












s'-Hvk 


v., = > ;(- 

i/=0 


-l)''^.. 


■■Q---ig 


IC/.0-., 






= >:(- 
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i=0 
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1 i=0 


9 
i/=0 


1 'I'^rt" n- 




5lo.... 


-'-'' 5i„"i,io...i,^...i. 






(9) 1 

5|„... 




i5|a«o 


-i. 



— Wi„...i^, 

hence S'^~^{rj) ^ uj. D 

Next we will bound the degree and order of the hypercohomology of a com- 
plex of coherent sheaves, given that we have degree and order bounds for the 
cohomologics of the open patches. This can be formulated in a general setting. 

Lemma 5.2. Let C'' be a first quadrant double complex, where each C^'* is 
equipped with a double filtration F''*C^''^ . Then we have 

Pi B{F'^*HP{C'^'i))^B{H\toi'{C'^'))) for all € > 0. 

p+q=l 

Proof. The second spectral sequence nEr of the double complex C*'* has first 
term 
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Note that the double filtration on C*'* induces a double filtration on the spectral 
sequence. Each term of the spectral sequence is a cohomology of the previous 
one realized as a subquotient, thus 

B{F*'' uEP'") C B{F*''iiElf{) for ah r > 1. 

Moreover, since the double complex is bounded, the spectral sequence collapses 
at a finite level, i.e., there exists r such that nEr = iiE^o- By convergence we 
have 

p+q=i 

Finally, since this isomorphism respects the double filtrations F'^'C^''^, we con- 
clude 

B{H' {tot' (Cn))^ n B{F'^'jjEPJ), 

p+q=i 

which implies the claim. D 

Now consider a bounded complex of coherent sheaves 

^' : ^ ^" A ^1 A • . • A ^« ^ 

on X, and let M^ be finitely generated A-modules with J''' — M^ . Furthermore, 
let W — {C/j I < i < i} be a cover of X by principal open subsets Ui = 
X \ Z{gi) as above. Recall from §2.5 that the hypercohomology M^{X,J'*) 
can be computed in two ways, namely as the cohomology of the total complex 
tot' (C''*{U, J')), and as the cohomology of the complex of global sections M*. 
Of course, the latter is much simpler, which is usually taken as an argument 
that one docs not need hypercohomology in the affine setting. However, we 
want to go through these arguments to bound degrees. 
Now assume that we have filtrations 

• • • C F'^MP C F'^+'^MP C • • • C MP, 

such that the differential d is of degree 0, i.e., d{F''MP) C F'^MP+^. As above, 
this and the filtration by order naturally carry over to the Cech double complex 
and to its total complex. 

Theorem 5.3. Let degX = D and deg gi < di. Then for all £ and all 

p+q=lio<---<iq 

we have 

dcg{H^{M')) <d + 2D{£+l)i.s + £)"'d'['. 
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Proof. Fix £ and set N := 2D(s + £)™rf™. By Lemma 5.2 using the standard fil- 
tration F^^'^CP^'i := P^CP^inF'^CP^'J, each cohomology class c G i?^(tof(C"'*)) 
can be represented by an element uj ~ (a;o.^,u;i.^_i, . . . ,W£^o)j where 

Wp.g e f'-Aqp-'^ for all p + g = ^. 

Since d'°*(u;) — 0, we have in particular &^{uiqx) = 0, so wq/ defines an 
element in H^{X,F'^). By Lemma 5.1 there exists 

with d^^^(rj) = ujQj. Consider 

uj' := (0,wi^£_i + (-l)^d77,W2,£-2,---,W£,o)- 

Since u - oj' = {uJo,i, {-if-'^dr], 0, . . . , 0) = d'°*(77, 0, . . . , 0), a; and w' define 
the same cohomology class c. Note that uji^-i + (— l)^dr; e ps+i,d+N(ji,i-i^ 
Continuing this way, after £ steps we have a representative of c of the form 
w" = (0,...,0,u;;o), where 

The closedness of cj" means that (5'^(u;"g) = and dius'/^) = 0. Applying 
Lemma 5.1 once more yields a G i^'^+(^+i)^M^ with (5^-*^ (a) = cj"q. Moreover, 
d(Q;) = 0, hence a defines a class in H^{M*), which is the image of c under the 
isomorphism H'^ (tot* (C* ' * ) ) ~ iJ^ (M* ) . D 

We close this section by discussing the case of an open subset of X :== A". 
Let Z = Z{fo, . . . , fr) C X be a closed subvariety and consider its complement 
W := X \ Z . If r > 0, then W is not affine, and as a result its de Rham 
cohomology H*^^{W) cannot be computed by global sections, so we have to use 
hypercohomology instead. The open subsets Ui :— X \ Z{fi), < i < r, form 
an open cover of W with corresponding Cech-de Rham double complex 

C"'^'^ ^wiU^„■■■^J for ah p,q>0, 

io<---<iq 

where Ui„...^^ = U^„n ■ ■ ■ nU^^. The differentials d: CP'I -^ Cp+'^'I are induced 
by the exterior derivatives, and the differentials 6"^ : C^'"^ — > C^'^+i are the Cech 
differentials. The de Rham cohomology of W is the cohomology of the total 
complex tot'(C*'*), i.e., 

H'^^iw) = m\w,n'^) ^ H'itot'iC'*))- 

Lemma 5.4. Equip each CP''' with the shifted double filtration S^-'^CP''^ := 
ps~qcp^q n F'^-'iCP''i for s,d G N. Then, with respect to the induced double 
filtration on the total complex, we have 

£■ {1,1) ^B{S'''hUW)). 
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Proof. By Lemma 2.3 we have with respect to the shifted double fihration 

i-{l,l)eB{S'-'H^^{U,,...,J) for ah p + q = £, < to < ■ ■ ■ < ig < r. 

Applying Lemma 5.2 implies the claim. D 

In the case of a complete intersection we are able to give a more succinct 
description of H*j^{W) using sheaf cohomology as follows. 

Lemma 5.5. Let diniZ = n — r — 1. Then, for £ > 0, the projection map 

tot^(c*'*) = c^-'-^'' © • • • e c^'O ^ c^-'-''- = ^^Af\..f^ 

induces an isomorphism 

HUw)^H'-^iH^iW,n'^)). (10) 

Proof. Let J-" be a locally free sheaf on X. The long exact sequence of local 
cohomology is 

> H''-\X,T) ^ H''-\W,J^\W) ^ Hl.{X,T) ^ H\X,J^) ^ ■■■ . 

Since H'^^^{X,J^) = for g > 1, we conclude 

H'i-'^{W,T\W)~Hl{X,F) for q>l. (11) 

Since Z is a, complete intersection of codimenion r + 1, it follows from [19, 
Theorem 3.8], that H'^{X,J') = for g < r + 1. Furthermore, since W = 
X \ Z can be covered by r + 1 afline open subsets, Cech cohomology implies 
iJ|(X, J^) = H'i-^W, T\W) = for g > r + 1. Thus 

Hl{X,F) = Q for q^^r + l. (12) 

The beginning of the long exact sequence together with (12) implies 

H'^{W,T\W)^H^{X,F). (13) 

Now, the first spectral sequence of hypercohomology has first term 

,i?f = i/«(T4^,f7P,) => Hl+'^{W). 

By (11), (12), and (13) we have 

r H^{X,m,) ifg = 0, 
lEl'^^l H^{W,nl.) ifg = r, 

I otherwise. 

Since Hl^{X) = HP{H^{X,n\)) = for p > 0, the second page 1E2 has 
differential zero, hence 1E2 = lEoo, and we conclude 

Hi^{W) = iEt"' = H'--{H-{W,ni^)) for ^ > 0. D 

Lemmas 5.4 and 5.5 imply 

Corollary 5.6. 

{i ~ r) ■ (1,1) e B{H'-^H^W,n'^))). 
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6 Effective Gysin Sequence 

The main tool in our proof is the Gysin sequence which is the foUowing 

Theorem 6.1. Let X be a smooth irreducible variety and Z Q X a smooth 
closed equidimensional subvariety of codimension r. Then there is an exact 
sequence 

• • • ^ H^^^iX) ^ Hl^{X \ Z) ^^ Hl^'^+\Z) ^ Hll'{X) ^ . . . 

Let us first record an easy consequence of the Gysin sequence for the case 
that X is the affine space A". Since H^^{X) = for p > 0, Theorem 6.1 imphes 

Corollary 6.2. For a smooth closed equidimensional variety Z C A" of codi- 
mension r the residue map 

Res:H^,^iA-\Z)^H^,^'^'+\Z) 

is an isomorphism for all p > 0. 

An algebraic proof of Theorem 6.1 is given in [20]. Using this idea we will 
prove an effective version of it, i.e., we will describe the map Res explicitly on 
the level of differential forms, so that we can control its effect on their degrees. 

However, our version only deals with the case of a smooth codimension 2 
complete intersection of a very special type. In particular, we will study the 
following case. Denote A := k[Xo, ■ ■ ■ ,Xn], let f,g E R := k[Xi, . . . ,Xn], 
and consider the regular sequence /o := gXo — 1, /i := /. Set X := A"+^, 
Z :— Z(/o,/i) and denote its coordinate ring by B := k[Z]. Assume that / 
is irreducible and that -gx\9- Note that these assumptions imply that Z is a 
smooth complete intersection in X of codimension 2, and its vanishing ideal is 
/ := /(Z) = (/o. A), hence B = A/{fo, /i). 

Since in our case the complement W := X \ Z is not affine, its de Rham co- 
homology H*^{W) is described as in the last section. Recall that by Lemma 5.5 
we have an isomorphism 

KniW) ^ HP{H\W,ni^)) ^ HP ( ^."^^";^. I for p>0. (14) 



^\, + ^' 



The main result of this section is 



Theorem 6.3. Let fo, fi (z A be as above, and denote do := dcg /o, di := deg /i . 
Then, under the identification (14), the map 



Res: HP^+\W) ^ H^^^^Z) for p>Q 
(p — 2)-form Res(w) with 



is induced by a map Q^ — > 17^ which takes a p-form lo — ,,■",. ^ to a 



deg Res(a;) < (2do - di + 1)^''"^ deg a. (15) 
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We fix the notations and assumptions of tfiis theorem for the rest of the 
section. For its proof we will need the completion A = Aj oi A with respect 
to /. Recah from §2.2 that A ~ A[[To, Ti]]/{To - /o, Ti - /i), so its elements are 
power series in /o,/i. Note, however, that these power series are not unique. 
E.g., /o G ^ can be represented by the constant power series /o or by Tq. The 
crucial result for us is a lemma of Grothendieck stating that there is an alge- 
bra isomorphism i?[[To,Ti]] -^ A (cf. [21, Lemma 11,1.2]), which establishes a 
unique power series representation for the completion. We need to construct 
this isomorphism explicitly in order to bound degrees. The technical construc- 
tion is in the following statement, which is a consequence of the fact that B is 
a formally smooth fc-algebra [17, Definition 19.3.1]. 

For a tuple x — (xi, . . . ,x„) over an afRne algebra C we write dcg(x) := 
maxj deg(xj) and use an analogous notation for the order. li ip: C —^ D is a, 
homomorphism, we write ipi^) := (iplxi), . . . ,^p{xn)). For x £ C we denote 
by X its image in any factor algebra of C. 

Lemma 6.4. Let iV G N and tp: B ^ A/I^ be an algebra homomorphism that 
lifts the identity B ^f B, i.e., the composition B — > A/I^ -» B is the identity. 
Then ip can be lifted to an algebra homomorphism ijj: B ^ A/I^'^^, i.e., the 
diagram 



B-^^A/I 



N 



commutes. 



Proof. Since the fc- algebra B is generated by Xq, . . . , Xn, it is sufficient to define 
tp on these elements. Choose Yq, . . . ,Yn G A such that ip{Xi) = Yi in A/I^ior 
all < I < n. Our aim is to define 



^PiXi) ■.= Y+ Y. "-^-fofi for 0<i<n, (16) 

fj,+u=N 

with suitably chosen a}j*/ G A. Then it is clear that n o tp — tp. It remains to 
show that one can define tp unambigously by (16). This means that we have to 
find aj«/ such that /o, /i arc mapped to zero in A/I^'^^. Set Y := (Yq, . . . , y„), 
(^fiv '■= {<iW J ■ ■ ■ 1 '^^m" )? ^^d look at the first condition 



fo^.foiY+ J2 «M-/o''/r) = in A/I^+\ (17) 

By the Taylor formula we have 
/o(y+ Yl «.-/o"/i')^/o(5^) + E^(n E «l^^/o"/r (mod/^+i). 
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Since MY) = V-C/o) = in A/I^ and I^ = ifi' , f^'fi, ■ ■ ■ Jof^-\ fH, 
there exist p^^ (^ A, ^ + v = N , such that /o(F) = Y.^,+u=NPt^^fo fi '^'^ ^■ 
Furthermore, since Yi — Xi in i?, condition (17) is satisfied if 



5/0 

i=0 



P^'^ + H-qY-^^^^ (^°d/). (18) 



Similarly, there exist q^_,^ & A, ^i + v = N , such that /i(F) = Y.^^+,,=N li^i^fo-fi 
in A, and /i is mapped to zero if 



dfi 

i=0 



<1^- + Y.-^.^^^^ (™°d/). (19) 



In order to get very efficient degree bounds, we use the special form of the 
defining equations /o, /i- In particular, recall that there exists h d A such that 
£j^ = .9 = hSi^. Also, note that M^ — 0. This allows us to solve the linear 
system of equations over B consisting of (18) and (19) as follows: 

a|,"' := -qt,uhXo, 

af^ := for l<i<n, (20) 



a):' := -JLniP,,,, + TTT^al"^'' 



1^^} := -Xo{p^,. + 



dfo 
dX„ '^^"' 



We check that these settings actually solve the system: 
y ^/i M) - ^ 9,h 

i=0 

Moreover, we have 



q,j.,y + X! Qjc^'f^'' " ^^^ ^ oi^lf^'^^^o = -Qf^iyfo = (mod /). (21) 



r^aW=„ -^Xn(v + ^a(")) + ^a(") 



^-(Pm- + ^4".^)/o^0 (mod/), (22) 

which concludes the proof. D 

Corollary 6.5. There exists an embedding ip: B ^^ A such that ip(Xi) = 
Yl'^.u=o°'i^Uo Ii, where a^jll G A with 

deg af^ <2do-di + l for all n,u eN, 0<i<n. 

Proof. We start with ipi := id^ and apply Lemma 6.4 successively to construct 
the homomorphisms ipN- B — > A/I^, N G N. Together they define a homo- 
morphism ip: B ^ A, which is clearly injective. To prove the degree bound. 
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denote by Y'-^^ = {Y^^\ ..., Y^^^) e A"+i representatives of V-wl^i) = Y^^^ 
in A/I^. Furthermore, let pi^v ,qnu £ A with 

Then, equation (21) shows that 

deg<Z^^+^^ < dcgqlf!_\„ for aU iV > 1. 
Since (/qj^ = 1 and qIq — 0, we conclude inductively that 

degg^^^<0 for all N > 1. 
Moreover, by (22) we have 

d'^Sp'-Jt^^^ < max{degp^^^;^ ,,, do-l + dcgh + 1}. 
Using Pqi' — and pj^Q = 1, an induction proves 

degp|,^) <da+dcgh = 2da - di for all N>1. 

The solution (20) implies degaj^" = do — di + 1, and hence for all i 

dega^i^l < 1 + max{2do - di, do - 1 + do - di + 1} = 2do -di + 1. D 

For a (z A we write deg a < (5^^, if there exists a representation a = 
S/i,i/>o "Mi^/o'/r '^ith dega^^ < (5^,, for all fi,iy eN. Denote ^i := ip{Xi) and 
^ := (^Oj ■ • • : Cn)- Then the degree bound of the previous corollary reads in this 
notation deg^j,(^) < 2do — di + 1 =: 7. 

Remark 6.6. A straight-forward induction with respect to the degree of p shows 
deg^^p(C) <7degp for aU p e A. (23) 

Corollary 6.7. For all a = ^ ^^^ o-fii^fo fi €E A there exist unique b £ B and 
c <E I = I A with a = ip{b) + c. Furthermore, we have 

deg6<degaoo, (24) 

and there exist d, e G A with c = dfo + e/i and 

dcg^„d< max{dega^+i,j.,7degaoo}, 
deg^^e < max{dega^,^+i,7degaoo}. 
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Proof. We have the exact sequence of A-niodules 

— >T — > A^ B — >0, 

which sphts by the homomorphism ip. For this reason, A c^ B (B I, and the 
existence and uniqueness of the claimed representation follows. Note that if 
a = ipib) + c, then b = 7r(a) = 7r(aoo)- This implies (24). 

Since tp and tt are fc-algebra homomorphisms and aoo is a polynomial, we 
have ipib) = V'(^(aoo)) = aoo(C)i thus c — a — aoo(C); ^nd using (23) we conclude 
deg c < max{degapix,7degaoo}, which yields (25). D 

Now we define the homomorphism 

$: B[[To,T,]] ^1, Y. b,.uTo^T^ ^ Y. ^(b^-)fofi- 

Lemma 6.8. The homomorphism ip is an isomorphism. For a E A we have 
deg^^ ip'^{a) < 7^+" deg a for fi,i^ >0. 

Proof. Wc first prove that -0 is injcctive. It is clear that ip]y : B -^ A/I^ = 
A/I^ is injective for all iV > 1. Note also, that by construction the diagram 




A/I^ 
commutes. We show that for all A^ > 1 and all 6^^ E B, n + i^ = N —1, we have 
J2 ^ib^^-)fofi^O (mod/^) ^ 6^, -OforaU/x,:.. (26) 

For iV = 1 we have = '0(&oo) = "01(^00) (mod /), hence 6oo = by the 
injectivity of f/'i- Now assume that (26) is true for some N > 1, and assume that 
Em+.=7V Mbf..)f^f!^ = (mod /^+i). Reducing mod (/o) yields V(&o,Ar)/f = 
(mod (/o))- Since /i is a non-zcrodivisor mod (/o), we conclude V'(^o.Af) = 
(mod (/o)), thus = ip{bo,N) = V'i(&o,Jv) (mod /). Injectivity of V'l implies 
bo.N = 0. Now we write 

i^{bNfi).f^ + i^{bf,-is)f^-\fi + ■■■ + 4'{biM-i)fa.fi'^ = /o • a, 

where a E A has the form of the assumption in (26). Since /oa = (mod 7^+^), 
there exist gx,^ e A with f^a ^ J2\+,f=N+i9\v.fofi- Since /i is a non- 
zerodivisor mod (/o), we have .go,Af+i ^ (mod (/o)), and since /o is a non- 
zerodivisor, we infer a = (mod I^). The induction hypothesis implies b^^^ ~ 
for all ^, V with fi + u = N and /i > 0, which completes the proof of (26). 
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Now let b = 'Z^,u>oK-T^T^ e B[[To,Ti]] with ^{b) = 0. We apply (26) 
inductively to conclude that 6 = 0. 

To show surjectivity, let a G A and construct a preimage ^ ^ b^^T^T^ G 

i?[[ro, Ti]] of a under -ip. We find the 6^,^ successively by applying Corollary 6.7. 

Let boo G B and dio,doi G A with a — '0(^oo) + ^lo/o + c?oi/i- Assume induc- 
tively, that for some A^ > 1 we have constructed b^i, G B for ji + v < N , and 
d^i, G A for /i + 1/ = iV, such that 

a- E ^(^^)./o^/r+ E '^P./o^/r- (27) 

Then, for all /i, v with ji + i/ = N we obtain from Corollary 6.7 elements 
b^iy G -B and rfjl;/ , d]^i, G ^ such that 

Plugging into (27) yields 

which is of the form (27) for A^ + 1 and hence completes the induction. We have 
Su v>o'^i^i^v)fQ fi = a, since this equality holds modulo /^ for aU iV > 1. 
Now assume that a G A. Then we claim 

deg;,^(d^^.) < 7^+"^ dcg a for aU ^i + v^N, (28) 

which for A^ = 1 follows directly from (25). Assuming (28) for some A^ > 1, 
(25) implies 

degArjC?"^ < max{deg;,+i,,d^^,7deg(,od^,,} < 7^+''+Mega, 

and d^ contributes to dp+i.i/. A similar estimate holds for d]^^^, which completes 
the proof of (28). 

Finally, (28) and (24) yield 

deg(6^,.) < degoo d^,, < 7^+'' dega for all fi,:^ eN. D 

Proof of Theorem 6.3. We prove the Theorem from scratch by constructing the 
residue map and checking that it is an isomorphism. 

W.l.o.g. we can assume p > 2. As stated in the Theorem, we identify 

Consider the map 

X: Hl^^{Z)^H- \ — ^^^^^^ I , \Lo\^ 




d/o ^ d/i 
,/o Ji 
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where u) G J7^~ , uJ denotes its image in Jl^" , and [w] the cohoniology class in 
^dR (^) ^^ represents. A similar notation is used on the right hand side. 

We first show that the map A is well-defined. If w e Vf^^ represents the 
zero cohomology class in H^^ {Z), then ZJ = drj for some rj G ff^ . This means 
that u; — dry is contained in the differential graded ideal generated by / and d/. 
Using the formula dfi A a = d{fia) — fida, we can assume that there exist 
a, /3 G fl^ with Lj — dr] = foa + fij3. Then 



dfo d/i , ^ d/i 

-^ A -^ A w == d/o A -^ A a - 
Jo /I ./I 

d/o ^ d/i 



^AdAA/?+^A^Ad, 
/o ./o ./I 



/o /l 



P-Ary] mod {n\^^ + n\ 



so it maps to zero in the cohomology on the right hand side. Furthermore, since 
'ifi/fi is exact, one easily checks that A sends closed (exact) forms to closed 
(exact) ones. 

The residue map will be the inverse of A. To construct it, note that the 
isomorphism of Lemma 6.8 induces a homomorphism D,\ ^-> Q*~ 



/o/i 



n 



B[[To,Ti]]toTi 



and as a result an isomorphism 



i/o/i 



n; 



n' 



*/o/i 



i/o/i 



n' 



i/o 



^• 



l/l 






n* 



^S[[To.Ti]]toTi 



^B[[To,Ti]]to +^iJ[[To,Ti]]Ti 



Define 



Res: HP 



n\ 



^/o/i 



n* 



I/O 



n' 



as follows. For a form uj G iVi write 



i/o/i 






(^) 



z9(w) = J2 ("m-^ + /^M.^ ^ dTo + 7^, A dTi + <5^, A dTo A dTOTg ^Tf' (29) 

with a^j/, /3^iy, 7^j/, (5^,y G rj^, only finitely many non-zero, and map Res([w]) := 
[i5i_i]. For the proof that this maps closed forms to closed forms, see below. 

To prove that this defines the inverse of A, it suffices to show Res o A = id 
and A o Res — id (in particular, this implies well-definedness) . First, for [cj] G 
HP~^{Z) we have 



Res o A([u;]) = Res 



d,/o ^ d/i 
/o /I 



= H, 



_ dTo A dTi . — 



since i?(^ A^Auj) = ^^A^AcJ. 

^ JO 11 ' J^o J^i 
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On the other hand, let cu G iVi be a form with dui G fF, +J7'^ . Writing 
■!?(uJ) in the form (29) and differentiating yields 

d7?(cJ) = Yl ((d^M-^ + d/^M- A dTo + d7^, A dTi + d(5^, A dTo A dTi)T-''T^'' 

- (-l)VK,. + 7m'> a dTOTQ-^-^Tf^dTo 

- {-l)Piyia^, + p^, A dro)TV%"""'clTi) 

= ^ ro-^rf''(da^, + (d/3^, + (-lY+\ii - l)a^-i,.) A dTo 

+ (d7M. + {-lY^\i^ - iW.u-i) A dTi 

+ (dV + (-I)^(m - 1)7m-i- + (-l)''+'(^ - 1)/5m,--i) a dTo A dTi) . 

Since in all terms of this expression both Tq and Ti have negative exponents and 
are contained in r^Q,,^ „ ,, +0^,,„ ^ ,, , they must be zero in f7Q,,„ ^p ,, 
Among others, this implies the relations 

dp^, + {-If+Hp - l)a^-i,. = 0, (30) 

d<5^. + (-I)^(m - 1)7m-i.'^ + {-^Y^\^ - 1)/9m,.-i = (31) 

for all /i, i^ > 1. In particular, (31) shows that 5i,i is closed. We have to show 
that all other terms of cj can be integrated. To do so, define 






We check 
dr? = ^ 5](-l)^((To-^rf "^dTo - ^^.Tf '^-MTi) A (-/3^, + (5^, A dTi) 



+ Y^T^r"(-d/3^, + dS^, A dTi)) 

5Z(-1F+' ((-^o^'Y^dTo + To-iTf ^^dTi) A ,5i,, A dTo 



v>2 

rpl — U 

T^^-^d5i,.Adn 



ti>2iy>l 

rpl-fJ. 



E E ((-l)^+'^7^r'^d/3^. + To-%-%. A dTo 



+ -^^(-i^T-'^-i/?^, + (-IfT-'^dS^,) A dTi + Tp-^T-'^^^.dTo A dTi 
J2 T-i (t.-'Si,, a dTo A dTi + (-l)P+i^d(5i., A dTo) . 



u>2 
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Using (30) and (31) for /i = 1 we obtain 

^^ = E E (^0 """^r'^M-i.-^ + T^'^T^'^Pt^u A dTo 

-L n 



+ ^T^r'^C-l^^ - 1)/3m--i + (-IfdcJ^-) A dTi) 



^ To-^Tf''(5^,dTo A dTi + ^ T^^tI''^ Pi^,_i A dTo 



(m,i-)#(14) 



(31) 



^ ^ T-^Tf -(a^,. + /3^„ A dTo) + E E ^o "''^^f'TM-i,. A dT, 
+ J2 T-^T^^d^An A dTi 

^ d{w) - T^%-^6i,idTo A dTi, 

thus A o Rcs( [uJ]) = [w]. 

In order to prove (15), we have to bound the degree of (5i,i in (29). Note 
that by linearity it suffices to consider terms of the form 

w = -— — -dXji A • • ■ A dXi^, ae A, < ii < ■ ■ ■ < ip < n, s > 1. 
By Lemma 6.8 we have 

tj.,u>0 

where 

deg 5^, < 7^+"- deg a, deg 6« < 7^+"^ . (32) 

It follows 



^(uJ) = ^dS,, A • • • A dSi 



Moreover, we have 



= E (d^M^ + (-" + l)d,.dTo + {1^ + l)b%+,dT,)T(;T'(. 
The terms of i?(Zj) involving dTo A dTi are of the form 

± (Ml + 1)(-2 + i)^.&j.ti,.,^'j::,',.,+iro^+"^+-+"''-^rr-+-+'^-^ 

■ dTo A dTi A dB6|f^,l3 A • • • A ds^l/;-) 
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with some < i,j,ji, . . . ,jp^2 < n and /i, :^, /xi, J^i, . . . ,/ip, I'p > 0. To get the 

coefBcient (5i,i of dTo/ToAdri/Ti, we have to consider the case /x+^iH h/Xp = 

s — 1 and 1^ + i^i + ■ ■ ■ + i^p = s — 1. Using that ds is of degree together with 
the estimate (32), it follows that Si^i is of degree 

< deg b^, + deg b^l^,^,^ + deg b^^l,^^, + deg bg^l^ + • • • + deg 5(f;-) 

< 7^+" dega + -j/^i+'^i+i + -yA'2+'>2+i ^ ^ms+'a^ _| |_ ^^Mp+'^p 

< 7^^"\dega + p). D 

7 Proof of the Main Theorem 

The effective Gysin sequence yields degree and order bounds for the de Rham 
cohomology of a smooth hypersurface. 

Theorem 7.1. Let f,g € R ~ k[Xi, . . . ,X„] with d := deg/ and d' := degg, 
such that f is irreducible and w-|<7, and consider the smooth hypersurface 
V := -2:(/)'\ Z{g) C A". Then we have 

{p + 2){d + d' + 2)(2d' -d + 3)2p+3 . (1, 1) e BiH^^iV)). 

for all p e N. 

Proof. Putting /o :~ gXo — 1, /i := /, we have the isomorphism 

V^Z:= Z{fo,f,) C A"+\ X ^ {l/g{x),x), 

and the pull-back of differential forms shows 

degiHP^^iZ))-il,l)eBiHP^^iV)). 

Thus, we have reduced to the setting of Theorem 6.3. Note that do :— deg /q = 
d' + 1 and di :— deg /i — d. By Corollary 5.6 we have 

/ / ^'a W 

p- (1,1) eB [HP ' ^"^' > 1 



^A, +^A, 



Theorem 6.3 implies 

degiHP-^{Z)) < {2da-di + iyP~^p{do + di + l) = p{d + d' + 2){2d' -d + 3fP-\ 

which implies the claim. D 

Proof of Theorem 1.1. Let X C A" be a smooth closed variety. The zeroth 
cohomology is treated in §3, and the case I? = 1 is trivial, so we assume n > 
TO > 1 and I? > 2. 

First assume that X is irreducible. Then, by Corollary 4.5 and Lemma 4.2 we 
can write X = IJilLo ^«' where Ui = X\Z{gi) is isomorphic to Vi = Yi\Z(g*) C 
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j^m+i_ Furthermore, in suitable coordinates Xi,. . . ,X„ of A", the isomorphism 
is given by the projection tt: Ui — > Vi onto the first m + 1 coordinates, and 
we have Yi — Z{fi), where fi G k[Xi, . . . , Xm+i] is irreducible and monic 
in Xm+i, gl = g-i = Qx — ' ^'^'i ^^Zfi 1^ D. Now fix f < ^ < tti. For 
p, g G N with p + q = C. consider a multi-index Q < iq < ■ ■ ■ < iq < m. Set 
i := io, U' := C/jo-i,, and V := tt{U'). Note that t/' = C/, \ Z{h) with 
h :— gi^ ■ ■ ■ gi . From Corollary 4.4 we obtain H E k[Yi] with degif < Ddegh 
such that k[V'] = k[Yi]g.H- We can assume d := deg/j > 2, and with g := giH 
wehaverf-1 < d' := degg < d - 1 + dcgi/ < {D-l){qD + l) <£D'^ + D-2. 
Theorem 7.f implies 

{p + 2){d + d' + 2){2d' -d + 3)2P+3 . (1, 1) e B{HP^{V)). 

Moreover, 

(p + 2){d + d' + 2) (2d' -d + 3)2p+3 

< (p + 2)(i? + (i? - l){qD + 1) + 2)(2(i5 - l)(gi? + 1) + lfP+^ 
<(p + 2){W^ + 2D){2D{q{D - 1) + l))2p+3 

< 6fD\2W^)^''+^ = 3 ■ 22^+4^2^+5i5«+8. 

Using Corollary 4.4 wc conclude 

{s,d) := 3 • 22^+4£2^+5i?«+8 . (^^^ 1) ^ B(i7Pj,([/,„...,J), (33) 

Since this holds for all p + q = £ and alHo < ' ' ' < iqi Theorem 5.3 shows that 

degi/^R(X) <d+ 2D{e + l)(s + eriD - 1)" 
< 2D(£+l)(£Drf + £)"£)" 
<4^'"+i(i:)d+l)'"D'"+i 

(33) 

__ n2lm+&m+2 n2tm+&m+l -jjAtm+lOm+l 

Finally, for possibly reducible X, Corollary 4.1 implies the claim. D 
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